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Supervised learning

From data
(Xi:yi)?:1
to predictions
TC(Xnew) ~ Ynew
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Statistical supervised learning

Given (xi,yi)I*; ~ P(x,y)™ find f with small
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Empirical risk minimization

Minimize

:

n
EZ Uy f

over some space ¥, e.g.
> f(x)=0"x
> f(x) =0T d(x) (kernels)
> f(x) =w'o(Wx), 8 = (w, W), (neural nets)

+weights constraint:
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Error analysis

How good is the ERM solution fr?

E[L(fr)] — minL
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Bias and variance

Idealized ERM: fr minimize L (with weights constraint).

E[L(fr)] — minL
= E[L(fr)] — L(fr) + L(fg) — min L
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A typical bound

L(fr)] —minL
=E[L(fr)] — L(fr) + L(fg) — minL
R 1
n R
— E[L(fr)]—minL <



A grain of salt

It's just an example of bound!

~ R 1
EL(fR)] —minL < — + =
n R

R=vn = E[L(fg)]—minL< %

» bounds depend on P! Much better/worse bounds possible.

» bounds depend on setting! e.g. classification, n < d (interpolation)...

What about computations?
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Optimization

ERM R
mein L(fg)

by gradient descent R R R
Otr1 =04 +YtVL(f§L)

Q
UniGe | MakGa
o]



Q
UniGe | MakGa
o]

Another error decomposition

]E[L(féL )] —minL
= E[L(f5, )] — E[L(fr)] + E[L(fr)] — min L
= E[L(fg )] — EIL(fr)] + E[L(fr)] — L(fg) + L(fg) — minL
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ERM with square loss

n

1
min — E (yi — fo(x1)))* + A0
i1

> fg(x)

07x
> fo(x) =07

D(x), Ox)TD(x') =Kk(x,x")

Optimization: solving a linear system!
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A typical bound and its cost

~ 1
EL(fA)l —minL < — +A
An

A=1/y/n = E[L(?A)]—minL§%

For large feature space/kernels the computational cost is
> time O(n3)
» memory O(n?).

Can we do better? Statistically no but computationally...
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An efficient approach: FALKON

» Conjugate gradient+
» subsampling/sketching (Nystrom)+
» sketched preconditioning.
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Statistical and computational error

E[L(f@t )] —minL
= E[L(fg, )] — EIL(f\)] + E[L(fo)] — minL
1 1

=+

Se /My —
~ M2 An

A=1/yn, t=logn, M=yn = ]E[L(fét)]—minl_g

3=

Just theory?
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Falkon 1.0: some experiments

MillionSongs (n ~ 10°) YELP (n ~ 10°) TIMIT (n ~ 106)
MSE  Relative error Time(s) RMSE Time(m) c-err Time(h)
FALKON 80.30 451 x10°° 55 0.833 20 32.3% 15
Prec. KRR - 458 x 1073 289f - - - -
Hierarchical - 456 x 1073 293* - - - -
D&C 80.35 - 737* - - - -
Rand. Feat. 80.93 - 772* - - - -
Nystrom 80.38 - 876* - - - -
ADMM R. F. - 5.01 x 1073 958 - - - -
BCDR.F. - - - 0.949 42t 34.0% 1.7¢
BCD Nystrém - - - 0.861 60% 337% 1.74
KRR - 455 x 1073 - 0.854 500* 33.5% 8.3
EigenPro - - - - - 32.6% 3.9
Deep NN - - - = - 32.4% -
Sparse Kernels - - - - - 30.9% -
Ensemble - - - - - 33.5% -

Table: MillionSongs, YELP and TIMIT Datasets. Times obtained on: = cluster of 128 EC2 r3.2xlarge machines, 1 = cluster of 8
EC2 r3.8xlarge machines, : = single machine with two Intel Xeon E5-2620, one Nvidia GTX Titan X GPU and 128GB of RAM, x =
cluster with 512 GB of RAM and IBM POWERS 12-core processor, * = unknown platform.
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Falkon 1.0: some more experiments

SUSY (n ~ 10°9) HIGGS (n ~ 107)  IMAGENET (n ~ 10°)
c-err AUC Time(m) AUC Time(h) c-err Time(h)
FALKON 19.6% 0.877 4 0.833 3 20.7% 4
EigenPro 19.8% - 6! - - - -
Hierarchical 201% - 40t - - - -
Boosted Decision Tree - 0.863 - 0.810 - - -
Neural Network - 0.875 - 0.816 - - -
Deep Neural Network - 0.879  4680*  0.885 78t - -
Inception-V4 - - - - - 20.0% -

Table: Architectures: 1 = cluster with IBM POWERS8 12-core cpu, 512 GB RAM, ! = single machine
with two Intel Xeon E5-2620, one Nvidia GTX Titan X GPU, 128GB RAM, i = single machine.
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Implementing Falkon 2.0

[Meanti, Carratino, R., Rudi '20]

Function Falkon(X € R™*4, y € R™, A, m, t):
X ¢ RamdomSubsample (X, m);
T, A + Preconditioner (X;,A);
Function LinOp (B):

v ATIB;

¢ k(Xom, X)k(X, X )Ty

return A~ " T~ "¢+ Any;
rhs «— A~ TT Tk(X, Xm)y;
B <+ ConjugateGradient (LinOp, rhs, t);
return T 1A716;
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Cholesky

Matrix multiply

AT
ﬁTTT +AI

~_—

Cholesky
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Falkon2.0
> Least squares and logisitic loss [Marteau Ferey, Bach, Rudi '18,19]

> Multi-GPU

> Mixed precision

» Optimized matrix-vector product
> Optimized kernel computation

» Out of core modules
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Falkon2.0

Table: Relative performance improvement wrt Falkon 1.0

Experiment Preconditioner Iterations
Time Improvement Time Improvement
Falkon1.0 2337s  — 4565s —
Float32 precision 1306s  1.8x 1496s  3x
GPU preconditioner  179s  7.3x 1344s  1.1x
2 GPUs 118s  1.5x 693s  1.9x
KeOps 119s 1x 232s  3x
Overall improvement 19.7x 18.8x
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Falkon2.0: thousands of points in seconds

MNIST CIFAR10 SVHN
n=6-10*,d=780 n=6-10*d=1024 n=7-10%d = 1024
Falkon 10.95s 13.7S 17.2s
ThunderSVM 19.6s 82.9s 166.4S

Table: comparing running times of FALKON and ThunderSVM. Parameters were tuned to have approximately the same
accuracy.

Q
UniGe | MaLGa
oo S

24



o ol
UniGe | Mql;&a
oy

Falkon2.0: millions/billions (!) of points in minutes

TAXI n =~ 10° HIGGS n ~ 107 YELP n ~ 10, d ~ 107 TIMIT n = 10°
RMSE time(h) AUC  time(m) RMSE time(m) cerr  time(m)
FALKON 3117 1 0.8196 7.4 0.810 16.8 32.27% 4.8
LogFALKON - - 0.8213 37.8 - - - -
EigenPro2 FAIL FAIL FAIL 31.91% 29
GPyTorch 3225 10.8 0.8005 52.9 FAIL - -
GPflow 313.2 85 0.8042 24.3 FAIL 33.78% 44,5
AIRLINE-CLS n =~ 10°  AIRLINE n ~ 10° MSD n ~ 10° SUSY n =~ 106
c-err time(m) MSE  time(m) relative error time(m) c-err  time(m)
FALKON 31.5% 31 0.758 44 4.4834 x 1073 1 19.67% 0.4
LogFALKON  31.3% 21.5 - - - - 19.58% 1.4
EigenPro2  32.5% 27.2 0.785 24.5 4.4778 x 1073 6.3 20.08% 15
GPyTorch 33.0% 24.2 0.803 31 4.5344 x 103 15.5 19.71% 16.5
GPflow 32.6% 10.5 0.790 287 4.4986 x 103 8.8 19.65% 9.3
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Deep neural networks (DNN)

f(x) =(w,®(x)), x+ DOLo---0dq(x)

compositional representation
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Convolutional and fully connected DNN

f(x)=(w, ®(x)), x> Oro...PgoDg_1---0d(x)

Fully connected Convolutional

.:‘ .‘_a

» Convolutional layers, thousands parameters.
» Fully connected layers, million parameters.

— End to end learning.
(LeCun et al. '98)
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Trading DNN for kernel methods

f(x) =(w, ®(x)), x> (0} o®p_1---0oDq(x)
~—~— | ——
Kernel representation Convolutional

»> not about data representation...
» ...but scaling kernel methods to millions of points.
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Don't fine tune, use kernel methods

[Alfano, Pastore, R., Odone '20]

PALKON 9k ik 4 FC.96 Bk — FC_00k Bock 4 s i 96k Bk 4 —— e 96 Bk ALKON 360 Bk A 1C.90 B0 .06k Bk 4 exmced FC_964 Dok 4 —— e 90 Bock 4 ridge_ 96k Dck 5
 PAON oS rCat ok — reooctaks —  ThkoUsmers — rCsbeas — rcoermeas — .
H z
¢ £,
H 4
g
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Wrapping up

» Efficiency: don’t separate optimization and statistics.
> Beyond supervised learning: PCA, K-means...
» Beyond statistica learning: online learning and bandits.

TBD
» Develop theory for special settings: classification/Interpolation/

» Combine Nystrom and multiscale approaches [Chen, Avron, Sindawhani "16].
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