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Abstract

While deep learning is successful in a number of applications, it is not yet well understood theoretically. A
theoretical characterization of deep learning should answer questions about their approximation power, the
dynamics of optimization by gradient descent and good out-of-sample performance --- why the expected
error does not suffer, despite the absence of explicit regularization, when the networks are
overparametrized. We review our recent results towards this goal. In {\it approximation theory} both shallow
and deep networks are known to approximate any continuous functions on a bounded domain at a cost
which is exponential (the number of parameters is exponential in the dimensionality of the function).
However, we proved that for certain types of compositional functions, deep networks of the convolutional
type (even without weight sharing) can have a linear dependence on dimensionality, unlike shallow
networks. In characterizing {\it minimization} of the empirical exponential loss we consider the gradient
descent dynamics of the weight directions rather than the weights themselves, since the relevant function
underlying classification corresponds to the normalized network. The dynamics of the normalized weights
implied by standard gradient descent turns out to be equivalent to the dynamics of the constrained problem
of minimizing an exponential-type loss subject to a unit $L_2$ norm constraint. In particular, the dynamics
of the typical, unconstrained gradient descent converges to the same critical points of the constrained
problem. Thus, there is {\it implicit regularization} in training deep networks under exponential-type loss
functions with gradient descent. The critical points of the flow are hyperbolic minima (for any long but finite
time) and minimum norm minimizers (e.g. maxima of the margin). Though appropriately normalized
networks can show a small generalization gap (difference between empirical and expected loss) even for
finite $N$ (number of training examples) wrt the exponential loss, they do not generalize in terms of the
classification error. Bounds on it for finite $N$ remain an open problem. Nevertheless, our results, together
with other recent papers, characterize an implicit vanishing regularization by gradient descent which is
likely to be a key prerequisite -- in terms of complexity control -- for the good performance of deep
overparametrized RelLU classifiers.
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While deep learning is successful in a number of applications, it is
not yet well understood theoretically. A theoretical characterization
of deep learning should answer questions about their approximation
power, the dynamics of optimization by gradient descent and good
out-of-sample performance — why the expected error does not suf-
fer, despite the absence of explicit regularization, when the networks
are overparametrized. We review our recent results towards this goal.
In approxzimation theory both shallow and deep networks are known
to approximate any continuous functions on a bounded domain at a
cost which is exponential (the number of parameters is exponential
in the dimensionality of the function). However, we proved that for a
certain types of compositional functions, deep networks of the con-
volutional type (even without weight sharing) can have a linear de-
pendence on dimensionality, unlike shallow networks. In character-
izing minimization of the empirical exponential loss we consider the
gradient descent dynamics of the weight directions rather than the
weights themselves, since the relevant function underlying classifi-
cation corresponds to the normalized network. The dynamics of the
normalized weights implied by standard gradient descent turns out
to be equivalent to the dynamics of the constrained problem of mini-
mizing an exponential-type loss subject to a unit L2 norm constraint.
In particular, the dynamics of the typical, unconstrained gradient de-
scent converges to the same critical points of the constrained prob-
lem. Thus there is implicit regqularization in training deep networks
under exponential-type loss functions with gradient descent. The
critical points of the flow are hyperbolic minima (for any long but fi-
nite time) and minimum norm minimizers (e.g. maxima of the margin).
Though appropriately normalized networks can show a small gener-
alization gap (difference between empirical and expected loss) even
for finite N (number of training examples) wrt the exponential loss,
they do not generalize in terms of the classification error. Bounds
on it for finite /N remain an open problem. Nevertheless, our results,
together with other recent papers (1-4), characterize an implicit van-
ishing regularization by gradient descent which is likely to be a key
prerequisite — in terms of complexity control — for the good perfor-
mance of deep overparametrized ReLU classifiers.

Machine Learning | Deep learning | Approximation | Optimization |

Generalization

1. Introduction

A satisfactory theoretical characterization of deep learning
should begin by addressing several questions that are
natural in the area of machine learning techniques based on
empirical risk minimization (see for instance (5), (6). They in-
clude issues such as the approximation power of deep networks,
the dynamics of the empirical risk minimization by gradient
descent and the generalization properties of gradient descent
techniques — why the expected error does not suffer, despite
the absence of explicit regularization, when the networks are
overparametrized? In this paper we review briefly our work
on approximation and describe recent results in characterizing
complexity control in training deep networks. The paper is

www.pnas.org/cgi/doi/10.1073/pnas. XXXXXXXXXX

organize in two separate parts. The first, about approximation
power of deep versus shallow architecture, is a review of recent
papers. The second, about optimization and generalization,
describes some of our recent results(4) mostly characterizing
empirical risk optimization and in particular properties of
the dynamical system induced by gradient descent. One of
these results, about the equivalence of constrained and uncon-
strained optimization, implies a classical form of complexity
control at any finite times by gradient descent with respect to
the exponential loss. We begin by summarizing a number of
useful definitions and properties.

A. Deep networks: definitions and properties. We define a
deep network with K layers with the usual coordinate-wise
scalar activation functions o(z) : R — R as the set of
functions f(W;z) = o(WXo(WE=1...a(Wz))), where the
input is z € R?, the weights are given by the matrices W¥,
one per layer, with matching dimensions. We sometime use
the symbol W as a shorthand for the set of W* matrices
k =1,---,K. For simplicity we consider here the case of
binary classification in which f takes scalar values, implying
that the last layer matrix W is WX € RV¥t. The labels are
yn € {—1,1}. The weights of hidden layer [ are collected in a
matrix of size h; X hj—1. There are no biases apart form the
input layer where the bias is instantiated by one of the input
dimensions being a constant. The activation function in this

Significance Statement
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section is the ReLU activation.

For ReLLU activations the following important positive one-
homogeneity property holds o(z) = %z. A consequence
of one-homogeneity is a structural lemma (Lemma 2.1 of (7))
Zi’j Wil (%) = f(z) where Wy is here the vectorized
representation of the weight matrices Wi, for layer k.

For the network, homogeneity of the ReLU implies
FWia) =TI, puf(Va, -+ Vi), where Wi = piVi
with the matrix norm ||V4||, = 1. Another property of the
Rademacher complexity of ReLU networks that follows from
homogeneity is Ry (F) = pRx (F) where p = Hszl Pk, F is the
class of neural networks described above.

We define f = pf; I is the associated class of normalized
neural networks (we call f(V;z) = f(z) with the understand-
ing that f(z) = f(W;z)). Note that %’; = p%f and that the
definitions of pi, Vi and f all depend on the choice of the
norm used in normalization.

We will assume that for some t > Ty gradient descent
realizes a f that separates the data that is f(2n)yn >0 Vn =
1,---,N. Under this assumption, we will sometime write
f(zn) > 0 as a shorthand for y, f(z,) > 0.

2. Approximation

We start with the first set of questions, summarizing results in
(8-10), and (11, 12). The main result is that deep networks
have the theoretical guarantee, which shallow networks do not
have, that they can avoid the curse of dimensionality for an
important class of problems, corresponding to a certain type
of compositional functions, that is functions of functions. An
especially interesting subset of compositional functions are the
ones that can be written as hierarchically local compositional
functions where all the constituent functions are local in the
sense of bounded small dimensionality. The deep networks that
can approximate them without the curse of dimensionality are
of the deep convolutional type — though, importantly, weight
sharing is not necessary.

Implications of results likely to be relevant in practice are:

a) Deep convolutional architectures have the theoretical
guarantee that they can be much better than one layer archi-
tectures such as kernel machines for certain classes of problems;
b) the problems for which certain deep networks are guaran-
teed to avoid the curse of dimensionality (see for a nice review
(13)) correspond to input-output mappings that are compo-
sitional with local constituent functions; ¢) the key aspect of
convolutional networks that can give them an exponential
advantage is not weight sharing but locality at each level of
the hierarchy.

A. Related Work. Several papers in the ’80s focused on the ap-
proximation power and learning properties of one-hidden layer
networks (called shallow networks here). Very little appeared
on multilayer networks, (but see (14-18)). By now, several
papers (19-21) are available. We review (11, 22-25) which
derive upper bounds for the approximation by deep networks
of certain important classes of functions which avoid the curse
of dimensionality. The upper bound for the approximation by
shallow networks of general functions was well known to be
exponential. It seems natural to assume that, since there is no
general way for shallow networks to exploit a compositional
prior, lower bounds for the approximation by shallow networks

2 | www.pnas.org/cgi/doi/10.1073/pnas. XXXXXXXXXX

0..0
00 0.0

0,0 00 0/:0 00

/ N\ /N
X, X, Xy Xy Xg Xg X; Xg X, X, Xy X, X5 X X; X

a b

Fig. 1. The top graphs are associated to functions; each of the bottom diagrams
depicts the ideal network approximating the function above. In a) a shallow uni-
versal network in 8 variables and N units approximates a generic function of 8
variables f(z1,- - ,xg). Inset b) shows a hierarchical network at the bottom in
n = 8 variables, which approximates well functions of the form f(z1,--- ,zs) =
h3(h21 (h11 (xl, .QCQ), hlz(fl,';g, 1‘4)), hgg(hl;;(.’rs, IG), h14(.’1’:77 ’ts))) as repre-

sented by the binary graph above. In the approximating network each of the n — 1

nodes in the graph of the function corresponds to a set of Q = % ReLU units com-

puting the ridge function Zil ai((vi,x) + t;) 1, with v;, x € R?, a;,t; € R.
Each term in the ridge function corresponds to a unit in the node (this is somewhat
different from today’s deep networks, but equivalent to them (28)). Similar to the
shallow network, a hierarchical network is universal, that is, it can approximate any
continuous function; the text proves that it can approximate a compositional functions
exponentially better than a shallow network. Redrawn from (12).

of compositional functions should also be exponential. In fact,
examples of specific functions that cannot be represented effi-
ciently by shallow networks have been given by Telgarsky (26)
(see also (27, 28) and, earlier (17)). An interesting review of
approximation of univariate functions by deep ReLLU networks
has recently appeared (29).

B. Degree of approximation. The general paradigm is as fol-
lows. We are interested in determining how complex a network
ought to be to theoretically guarantee approximation of an
unknown target function f up to a given accuracy € > 0. To
measure the accuracy, we need a norm || - || on some normed
linear space X. As we will see the norm used in the results
of this paper is the sup norm in keeping with the standard
choice in approximation theory. Notice, however, that from
the point of view of machine learning, the relevant norm is
the L2 norm. In this sense, several of our results are stronger
than needed. Yet our main results on compositionality require
the sup norm in order to be independent from the unknown
distribution of the input data. This is important for machine
learning.

Let Vn be the be set of all networks of a given kind with
N units (which we take to be or measure of the complexity
of the approximation network). The degree of approzimation
is defined by dist(f, V) = infpcv, ||f — P||. For example, if
dist(f, Vn) = O(N77) for some v > 0, then a network with

complexity N = O(e” 7) will be sufficient to guarantee an
approximation with accuracy at least e. The only a priori in-
formation on the class of target functions f, is codified by the
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statement that f € W for some subspace W C X. This sub-
space is a smoothness and compositional class, characterized
by the parameters m and d (d = 2 in the example of Figure
1 ; d corresponds to the size of the kernel in a convolutional
network).

C. Shallow and deep networks. This section characterizes con-
ditions under which deep networks are “better” than shallow
network in approximating functions, as shown in Figure 1.
Both types of networks use the same small set of operations —
dot products, linear combinations, a fixed nonlinear function
of one variable, possibly convolution and pooling. Each node
in the networks corresponds to a node in the graph of the
function to be approximated, as shown in the Figure. A unit is
a neuron which computes ((x,w) + b)+, where w is the vector
of weights on the vector input . Both w and the real number
b are parameters tuned by learning. We assume here that each
node in the networks computes the linear combination of r
such units 22:1 ¢i({z,w;) + bi)+. Notice that in our main ex-
ample of a network corresponding to a function with a binary
tree graph, the resulting architecture is an idealized version of
deep convolutional neural networks described in the literature.
In particular, it has only one output at the top unlike most of
the deep architectures with many channels and many top-level
outputs. Correspondingly, each node computes a single value
instead of multiple channels, using the combination of several
units. However our results hold also for these more complex
networks (see (28)).
The sequence of results is as follows.

e Both shallow (a) and deep (b) networks are universal, that
is they can approximate arbitrarily well any continuous
function of n variables on a compact domain. The result
for shallow networks is classical.

e We consider a special class of functions of n
variables on a compact domain that are hier-
archical compositions of local functions, such as
flxa, -, xs) = hs(ho1(hi1(z1, x2), hi2(x3, z4)),

haa(hi3(zs, x6), h1a(x7, x8)))

The structure of the function in Figure 1 b) is represented
by a graph of the binary tree type, reflecting dimensional-
ity d = 2 for the constituent functions h. In general, d is
arbitrary but fixed and independent of the dimensionality
n of the compositional function f. (28) formalizes the
more general compositional case using directed acyclic
graphs.

e The approximation of functions with a compositional
structure — can be achieved with the same degree of ac-
curacy by deep and shallow networks but the number of
parameters are much smaller for the deep networks than
for the shallow network with equivalent approximation
accuracy.

We approximate functions with networks in which the acti-
vation nonlinearity is a smoothed version of the so called
ReLU, originally called ramp by Breiman and given by
o(x) = x4 = maz(0,z) . The architecture of the deep net-
works reflects the function graph with each node h; being a
ridge function, comprising one or more neurons.

Let I" = [-1,1]", X = C(I"™) be the space of all continuous
functions on I"™, with || f|] = maxzer» | f(z)|. Let Sn,n denote

Poggio etal.

the class of all shallow networks with N units of the form

N

T > Zaka«wk,x) + by),

k=1

where wyr, € R™, bg,ar € R. The number of trainable pa-
rameters here is (n + 2)N ~ n. Let m > 1 be an integer,
and W, be the set of all functions of n variables with con-
tinuous partial derivatives of orders up to m < oo such that
IIF1l + Zlilkhgm |D*f|| < 1, where D* denotes the partial
derivative indicated by the multi-integer k > 1, and |k|; is the
sum of the components of k.

For the hierarchical binary tree network, the analogous
spaces are defined by considering the compact set W2 to
be the class of all compositional functions f of n variables
with a binary tree architecture and constituent functions h
in W2. We define the corresponding class of deep networks
Dn,2 to be the set of all deep networks with a binary tree
architecture, where each of the constituent nodes is in Sps,2,
where N = |V|M, V being the set of non-leaf vertices of the
tree. We note that in the case when n is an integer power of
2, the total number of parameters involved in a deep network
in 'DN72 is 4N.

The first theorem is about shallow networks.

Theorem 1 Let 0 : R — R be infinitely differentiable, and
not a polynomial. For f € W, the complezity of shallow
networks that provide accuracy at least € is

N = O(e™™'™) and is the best possible. 1]

The estimate of Theorem 1 is the best possible if the only a
priori information we are allowed to assume is that the target
function belongs to f € W;,. The exponential dependence on
the dimension n of the number e~ "/™ of parameters needed to
obtain an accuracy O(e) is known as the curse of dimension-
ality. Note that the constants involved in O in the theorems
will depend upon the norms of the derivatives of f as well as
.

Our second and main theorem is about deep networks with
smooth activations (preliminary versions appeared in (9-11)).
We formulate it in the binary tree case for simplicity but
it extends immediately to functions that are compositions
of constituent functions of a fixed number of variables d (in
convolutional networks d corresponds to the size of the kernel).

Theorem 2 For f € W22 consider a deep network with
the same compositional architecture and with an activation
function o : R — R which is infinitely differentiable, and
not a polynomial. The complexity of the network to provide
approzximation with accuracy at least € is

N =0((n—1)e /™). 2]

The proof is in (28). The assumptions on o in the theorems
are not satisfied by the ReLU function x — z, but they are
satisfied by smoothing the function in an arbitrarily small
interval around the origin. The result of the theorem can be
extended to non-smooth ReLU(28).

In summary, when the only a priori assumption on the
target function is about the number of derivatives, then to
guarantee an accuracy of €, we need a shallow network with
O(¢~™™) trainable parameters. If we assume a hierarchical
structure on the target function as in Theorem 2, then the
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corresponding deep network yields a guaranteed accuracy of
€ with O(e~2/™) trainable parameters. Note that Theorem 2
applies to all f with a compositional architecture given by
a graph which correspond to, or is a subgraph of, the graph
associated with the deep network — in this case the graph
corresponding to W<,

3. Optimization and complexity control

It has been known for a long time that the key to predictivity in
machine learning is controlling the complexity of the network
and not simply the raw number of its parameters. This is
usually done during optimization by imposing a constraint,
often under the form of a regularization penalty, on the norm
of the weights, since relevant complexity measures, such the
Rademacher complexity, depend on it. The problem is that
there is no obvious control of complexity in the training of
deep networks!

Recent results by (1) illuminate the apparent absence of
"overfitting” (see Figure 3) in the special case of linear networks
for binary classification. They prove that minimization of loss
functions such as the logistic, the cross-entropy and the expo-
nential loss yields asymptotic convergence to the maximum
margin solution for linearly separable datasets, independently
of the initial conditions and without explicit regularization.
Here we discuss the case of nonlinear multilayer DNNs un-
der exponential-type losses, for several variations of the basic
gradient descent algorithm. Our main results are about the
dynamics of the normalized network f under gradient flow,
its convergence to a maximum margin solution and its gen-
eralization properties. We first outline related work. We
then describe our main result that consists of several steps,
summarized in Theorem 3.

A. Related work. A number of papers have studied gradient
descent for deep networks (30-32). Close to the approach
summarized here (details are in (4)) is the paper (33). Its
authors study generalization assuming a regularizer because
they are — like us — interested in normalized margin. Unlike
their assumption of an explicit regularization, we show here
that commonly used techniques, such as weight and batch
normalization, in fact minimize the surrogate loss margin while
controlling the complexity of the classifier without the need
to add a regularizer or to use weight decay. Surprisingly, we
will show that even standard gradient descent on the weights
implicitly controls the complexity through an “implicit” unit
Ly norm constraint. Two very recent papers ((3) and (2))
develop an elegant margin maximization based approach which
lead to some of the same results of this section (and many
more). Our approach does not need the notion of maximum
margin but our theorem on margin establishes a connection
with it and thus with the results of (3) and (2). Our main
goal here (and in (4)) is to achieve a simple understanding
of where the complexity control underlying predictivity and
generalization is hiding in the training of deep networks. We
define generalization as the convergence of the empirical loss
of the empirical minimizer to its expected loss for the number
of data points growing to infinity. Recent results on regression
mostly for linear or quasi-linear networks (34-36) suggests an
implicit regularization mechanism somewhat similar to the
regularizing effect of the gradient descent iterations (37).Its
limit, however, does not enforce a norm constraint unlike the

4 | www.pnas.org/cgi/doi/10.1073/pnas. XXXXXXXXXX

classification case.

B. Main results on the dynamics of optimization. The stan-
dard approach to training deep networks is to use stochastic
gradient descent to find the weights W), that minimize the
empirical exponential loss L = Zn e~ ¥nf (@) by computing

N
oL :Z naf(W;xn) —yn f(W;izn) 3]

Wi =~ 5wk oWwn  ©

n=1

on a given dataset {z;,y;} Vi = 1,...,N with y binary.
Since the goal is binary classification, we are interested in f
(remember sign f = sign f. We want to study the dynamics
of f implied by Equation 3. With this goal we study three
related versions of this problem:

1. minimization of L = Zn e ?#n) ynder the constraint
[|Vil| = 1 wrt V, for fixed p;

2. minimization of L = )" e~ /@) ynder the constraint
[|Vil| = 1 wrt Vi and p; )

3. minimization of L = ) e Pfen) = > e~ #n) wrt
Vi, p, which is equivalent to typical training, Equation 3.

B.1. Constrained minimization of the exponential loss. Constrained
optimization of the exponential loss minimizes L =
Yo e~Pf(@n) under the constraint ||Vi|| = 1 which leads to

minimize B
L= e £ N A Vel [4]
n k

with Ay such that the constraint ||V;| = 1 is satisfied. We
note that this would be the natural approach for training
deep networks while controlling complexity based on classical
generalization bounds (see (4)).

B.2. Fixed p: hyperbolic minima. Gradient descent on L for fixed
p wrt Vi yields then the dynamical system
; —pf(an) OF (0) ;
Vi = pf(xn) — W 5
e=pY e O (SR~ Vif(n) B
because A\, = %p Zn e_”f(x")f(a:n), since VkTVk = 0 because
Vil = 1.
Since for fixed p the domain is compact, stationary points

Vi = 0 of the constrained optimization problem must exist.
Assuming data separation is achieved (that is ynf(xn) >

0 Vn), they satisfy
—pFen) Of (@n) _ o)y F
D e = D e Vi f(zn). (6]

The stationary points provided by Equations 6 are in fact
hyperbolic minima because the Hessian of L (and Jacobian of
Vi = —F(Vi,pr) = =V, L ) is negative definite at the sta-
tionary points. Thus the sufficient conditions for local minima
are satisfied. Of course the minimum of the exponential loss L
is only zero for the limit p = oco; for any finite p the minimum
of L is at the boundary of the compact domain. For any finite,
sufficiently large p the minimum is hyperbolic but in general
is not unique (it is unique only for linear networks).

The Hessian is

S 0f(wa) 0f(wn) " ) | pfen)
|- Vi OV Poviov | © 2M(p)L.
(7]
Poggio et al.
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Fig. 2. Empirical evidence of generalization by normalized networks with respect to the cross entropy loss. The left graph shows testing
vs training cross-entropy loss for networks each trained on the same data sets (CIFAR10) but with different initializations, yielding zero
classification error on training set but different testing errors.
same networks, now normalized by dividing each weight by the Frobenius norm of its layer. Notice that all points have zero classification error
at training. The red point on the top right refers to a network trained on the same CIFAR10 data set but with randomized labels. It shows
zero classification error at training and test error at chance level. The top line is a square-loss regression of slope 1 with positive intercept.
The bottom line is the diagonal at which training and test loss are equal. The networks are 3-layer convolutional networks. The left can be
considered as a visualization of generalization bounds when the Rademacher complexity is not controlled. The right hand side is a visualization

of the same relation for normalized networks that is L(pf) < L(pf) + c1pRn (F) + co In($)/2N for p=1. Under our conditions for N and

The right graph shows the same data, that is testing vs training loss for the

for the architecture of the network the terms c1Ry (F) 4 c2+/ In($)/2N represent a small offset. Notice that the exponential loss is not a better
proxy for the classification loss for p > 1. Empirically for these data sets, the exponential loss with p = 1 provides a ranking that agrees with

the classification ranking. From (38).

In (4) we consider the quadratic form Zk o Vil HVjr, where
Vi correspond to critical points of the gradlent and prove the
following

Lemma 1 For sufficiently late times after data separation
(Vn, f(mn) > 0), H is negative definite for any finite p such
that p* K2 (f(xn))? > K(K —2)pf(xn), where K is the number
of layers. This only requires p f (zn) > 1. H becomes negative
semi-definite in the limit p = oco.

B.3. p — oo has same stationary points as the full dynamical system.
Consider the limit of p — co in Equation 6 . The asymptotic
stationary points of the flow of Vj, then satisfy

— Tn 8f (.’L’n) s

D e (FE — Vif () = 0 8]

also in the limit lim, o, that is for any large p. So the
stationary Vj points for any large p = R satisfies

_Ri(z.), Of (@n ~

e @) ey =0

Consider now gradient descent for the full system obtained

with Lagrange multipliers, that is, on L = ) emPfn) 4

> Akl Vel]? wrt Vi and pi, with A chosen (as before) to im-

plement the unit norm constraint. The full gradient dynamical

system is

o= 23 7T fan) 0]
Vi =pZefpf(w")(%‘Zl) +ka($n)) [11]

Observe that after onset of separability pr > 0 with
limt oo P = 0, lim¢— oo p(t) = oo (for one layer p x logt
as shown in a later section). Thus p(t) is a monotonically in-
creasing function from t¢o to ¢ = co. Furthermore, p; grows at
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a rate which is independently of the layer k. In fact, Equation

3 via the relation ||[W;]|| = agxtu ag‘ik = HW 0 W, implies

WWQ2Z%IVM’WmM, [12]

which shows that the rate of growth of ||W||? is independent
of k. This observation (39) is summarized by

Lemma 2 During gradient descent, the rate of change of the
squares of the Frobenius norms of the weights is the same for
each layer, that is ||pr||? = 22::7:1 Ynpf(zn)e ynrl@n),

Because p(t) grows monotonically in ¢ for any large R in
Equation 9, there exist T' such that p(T) = R. At time T
then, the condition for a stationary point of Vj in Equation
11 coincides with Equation 8. This leads to

Lemma 3 The full dynamical system 11 in the limit oft — oo
converges to the same limit to which the dynamical system
Equation 5 converges for p — oco.

B.4. Asymptotic stationary points coincide with maximum margin.

Here we show that the limit for the two systems exists, is not
trivial and corresponds to maximum margin/minimum norm
solutions. First notice that we can write

N
—Rf(xn) af(l'n) -V 3 =0 13
e (Sgy — Vil(an) =0. [13]
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We assume without loss of generality that flxn) = ming f(xn),
we define H,, = (%‘ZL) — Vif(zn)), and write

\Y]

N-1
e*Rf(l'N)[HN + e BAmin Z Hn]

N-1 N
e FIEN £ 3 e FIe g, R g, >

n

[14]

N-1
e*Rf(IN)HN > e*Rf(EN)[HN _’_e*RAmaw Z Hn},
n

where A, = f(x,) — f(zn) with f(zx) = min, f(z,) as the
margin of f and Apmin = minp2ny An, Apmae = max, Ay~
The left hand side of the stationary point equation has the
form e(Hy + ¢ H) = 0, with H = YY" H,, e = e R/=n)
and ¢ = e FAmin: for decreasing ¢ > 0, there will be an
€* > 0 for which the equation is satisfied by Hy = 0 before it
is trivially satisfied at the limit e = 0. Thus the stationarity
condition for large but finite p is %‘Zj) — Vif(z) =0, that
is the condition in which the stationary point zx provides the
maximum margin. Before that limit is reached, the solution
Vi changes with increasing p. Thus the asymptotic stationary
points coincide with maximum margin. The following lemma
(4) shows that the margin is increasing for sufficiently late ¢:

Lemma 4 There exists a R such that for p > R the sum
Zgzl e Pf@n) o e=P@)  For p > R then the margin in-
creases ‘Z—{ >0 (even if p is kept fized).

We finally note that the maximum margin solution in terms of
f and V% is equivalent to a minimum norm solution in terms
of Wi, under the condition of the margin being at least 1. This
is stated in the following lemma (see (4):

Lemma 5 The mazimum (max) margin problem

max mmNyif(W;xi), subj. to ||W| =1. [15]

k 1=1,...,

is equivalent to
mv‘i/n%HW\F, subj. to yif(Wiz)>1, i=1,...,N. [16]

B.5. Typical gradient descent for deep networks: implicit norm con-
trol. Empirically it appears that GD and SGD converge to
solutions that can generalize even without any explicit capac-
ity control such as a regularization term or a constraint on
the norm of the weights. How is this possible? The answer
is provided by the fact — trivial or surprising — that the unit
vector % computed from the solution w(T") of gradient
descent w = —V,, L at time T is the same, irrespectively of
whether the constraint ||v||2 = 1 is enforced during gradient
descent. This confirms Srebro results for linear networks and
throws some light on the nature of the implicit bias or hidden
complexity control. We show this result next.

We study the new dynamical system induced by the dynami-
cal system in Wkw under the reparametrization W,z] = ka;’j
with ||Vi||2 = 1. This is equivalent to changing coordinates
from Wy to Vi and pr = ||Wk||2. For simplicity of notation

*We consider only distinct “support vectors”, aggregating together data points with the same margin,
thus Ay i > 0
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we consider here for each weight matrix Vj, the corresponding
“vectorized” representation in terms of vectors W,z’J = Wg.

We use the following definitions and properties (for a vector

w): define ¥ = v; thus w = pv with |[v||2 =1 and p = ||w]|2.

The following relations are easy to check:

T = — wwl . v _ 8
1. Define S =1—vv" =1 TwZ} 8w = -

2. Sw=Sv=0and S?=S5

Af(@n;sW) _ p 0f(Vizn)
oWy T pr OVg

3. In the multilayer case

The unconstrained gradient descent dynamic system used
in training deep networks for the exponential loss is given in
Equation 3, that is

,fLL_ZN:
owk 2.9

n=1

Of Wi an) —yns(Wizn)

Wi, = P [17]

Following the chain rule for the time derivatives, the dynamics
for Wy, induces the following dynamics for ||Wx|| = pr and Vi:

0| Wk|| OWi

. - _vTir
Pk = oW ot Vie Wi [18]
T oW, ot ok ¢

where Sy, = I — VkaT. ‘We now obtain the time derivatives
of Vi and py from the time derivative of Wy; the latter is
computed from the gradients of L with respect to Wi that
is from the gradient dynamics of Wj. Thus unconstrained
gradient descent coincides with the following dynamical system

N N
. rOf(@n; W) _panw) _ P —pf(an) 7
Pr = Z;Vk ~ow, ¢ = ;6 flzn)
= f (xa)
;s _ P —pf(zn) Tn) F
Vi = 7 D e (Sgve = Viflen)).

n=1

where we use the structural lemma to write Vi¥ %‘Z’l) = f(zn).

Clearly the dynamics of unconstrained gradient descent and
the dynamics of constrained gradient descent are very similar
since they differ only by a p? factor in the © equations. The
conditions for the stationary points of the gradient for the v
vectors — that is the values for which ¥ = 0 — are the same
in both cases, since for any ¢ > 0 we have p(t) > 0. This is
summarized in

Lemma 6 Constrained and unconstrained gradient descent
have the same minima which are hyperbolic for finite times
and asymptotically degenerate.

Since there are multiple minima and the trajectories depend
on the dynamics, the statement above does not mean that
even with the same initial conditions the two dynamics will
converge to the same minima among the multiple ones. In
(4) we show that the dynamics of the constrained gradient
descent Equation 11 is the same as the algorithm called “weight
normalization” (40).
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B.6. Complexity control in unconstrained gradient descent. Actual
convergence for the constrained case happens after (%‘Zj) —
Vi f(:z:*)) = 0 is valid, which corresponds to a long but finite
time and thus a large but finite p and a small but non-zero A. In
conclusion, the solution corresponds to solving a regularization
problem with a non-zero A. Beta-stability and asymptotic
generalization are guaranteed(41), as long as A implied by the
stopping time satisfies ﬁ << 1. Since the unconstrained
case converges to the same solutions it will also generalize.
There are obvious limitations in this statement: though the
normalized network f generalizes under the exponential loss,
bounds on the classification error remain an open problem.
In fact, the classification error does not show generalization
for datasets such as CIFAR10 when the number of training
data is significantly less than the number of parameters: the
training error is zero while the test error is not (see Figure 3).
As we will discuss later, deep overparametrized nets may show
a regime, in which there is simultaneously interpolation of the
training data and good expected error . For this regime, the
implicit regularization described here is a prerequisite for a
full explanation.

C. Additional results.

C.1. Dynamics of p. In linear 1-layer networks the dynamics of
gradient descent yield p ~ logt asymptotically. In the K-layer
case the nonlinearly coupled equations are not easily solved
analytically. (4) gives an approximation of the form

R = f(x)% K* (log R)* %, [19]
where R = e”#7(®) We can check that for K = 1 we get R ~ t,
so p ~ logt. It is also immediately clear that for K > 1 the
product of weights diverges faster than logarithmically. In
the case of K = 2 we get R(t) = li"'(f(x)K>t + C), where
li(z) = fOZ dt/logt is the logarithmic integral function. For
larger K we get faster divergence, with the limit K — oo given
by R(t) = L7 (aeot + C), where aoe = limg_sc0 f(I)%KQ
and L(z) = li(z) — ;5. Interestingly, while the product of
weights scales faster than logarithmically, the weights at each
layer diverge slower than in the 1-layer case.

C.2. Landscape and minima. ReLU networks with exponential-
type loss functions do not have zeros of the gradient (wrt the
W) that separate the data. The stationary points of the
gradient of f in the nonlinear multilayer separable case under

exponential loss are given by ij:l Yn ngﬁf;‘)) e~ unf(@niW) _
k

0. Thus, the only stationary points of the gradient that separate
the data are for p = co. If other stationary points were to
exist for a value W* of the weights, they would be given by
zero-valued linear combinations with positive coefficients of

MZL;") Use of the structural lemma shows that L’le) =
ow" ow;

0,4, j, k implies f(W*;z) = 0. So stationary points of the
gradient wrt W} that are data-separating do not exist for
any finite p. The situation is quite different if we consider
stationary points wrt Vi,. Notice that minima arbitrarily close
to zero loss exist for any finite, large p. For p — oo, the
Hessian becomes arbitrarily close to zero, with all eigenvalues
close to zero. On the other hand, any point of the loss at a
finite p has a Hessian wrt W} which is not identically zero.
Clearly, it would be interesting to characterize better the
degeneracy of the local minima. For the goals of this section

Poggio etal.

however the fact that they cannot be completely degenerate is
sufficient. (4) shows that under the exponential loss, the weight
Wi for zero loss at infinite p are completely degenerate, with
all eigenvalues of the Hessian being zero. The other stationary
points of the gradient are less degenerate, with at least one
nonzero eigenvalue.

C.3. Linear networks and rates of convergence. The linear f(z) =
pvT x networks case (1) is an interesting example of our analysis
in terms of p and v dynamics. We start with unconstrained
gradient descent, that is with the dynamical system

N N
o= Z ¢ e, 0= Z ei(xn —ov' ). [20]

If gradient descent in v converges to v = 0 at finite time,
v satisfies vv’x = x, where z = Zle ajz; with positive
coefficients a; and x; are the C support vectors (see (4)). A
solution v = ||z||z" then exists (xf, the pseudoinverse of ,
since z is a vector, is given by zf = ﬁ) On the other hand,
the operator T in v(¢ + 1) = Tw(t) associated with equation
20 is non-expanding, because ||v|| = 1, V¢. Thus in the linear
case there is a unique fixed point v o< & which is independent
of initial conditions (42).

The rates of convergence of the solutions p(t) and wv(t),
derived in different way in (1), may be read out from the
equations for p and v. It is easy to check that a general

solution for p is of the form p o C'logt. A similar estimate

_ T
for the exponential term gives e ”Y “» % Assume for

simplicity a single support vector x. We claim that a solution
for the error € = v — x, since v converges to x, behaves as lolgt'
In fact we write v = = + € and plug it in the equation for v in

21. We obtain (assuming normalized input ||z|| = 1)

67vaz e*vaz

(z—(z4€)(z46) z) ~ — (ze" +ex™), [21]

€ =

p

L_(22¢T). This indeed has the

" tlogt
1
logt”
A similar analysis for the weight normalization equations
considers the same dynamical system with a change in the

equation for v, which becomes

which has the form é =

error converging as €

voce Pp(I —vv' ). [22]

This equation differs by a factor p? from equation 21. As a
consequence equation 22 is of the form ¢ = —lotgte, with a
general solution of the form e o gzt Ip summary, GD with
weight normalization converges faster to the same equilibrium
than standard gradient descent: the rate for ¢ = v — x 1is
¢ zlos() yg lolgt‘

The linear case shows that different forms of gradient de-
scent enforce different paths in increasing p that have different
effects on convergence rate. It is an interesting theoretical
and practical challenge to find the optimal way, in terms of

generalization and convergence rate, to grow p from 0 to oo.

D. Summary. The following theorem (informal statement) sum-
marizes our main results on minimizing the exponential loss
in deep ReLU networks.
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Fig. 3. Empirical and expected error in CIFAR 10 as a function of number of neurons
in a 5-layer convolutional network. The expected classification error does not increase
when increasing the number of parameters beyond the size of the training set.

Theorem 3 Assume that separability is reached at time
To during gradient descent on the exponential loss, that is
Ynf(zn) >0, Vn. Then unconstrained gradient descent con-
verges in terms of the normalized weights to a solution that is
under complexity control for any finite time. In addition the
following properties hold:

1. Consider the dynamics (A) resulting from using Lagrange
multipliers on the constrained optimization problem: “min-
imize L =" e~ P1@n) under the constraint ||V || = 1 wrt
Vi The dynamics converges for any fized p to stationary
points of the Vi flow that are hyperbolic minima.

2. Consider the dynamics (B) resulting from using Lagrange
multipliers on the constrained optimization problem: “min-
imize L =) e P1@n) under the constraint ||Vi|| = 1
wrt Vi, and pr”. The stationary points of Vi in (B) in

the limit of t — oo coincide with the limit p — oo in the

dynamics (A) and they are mazima of the margin.

3. The unconstrained gradient descent dynamics converges
to the same stationary points of the flow of Vi as (A) and
(B).

4. Weight normalization(40) corresponds to dynamics (B).

2

5. For each layer aaLtk is the same irrespectively of k.

6. In the 1-layer network case p ~ logt asymptotically. For
deeper networks, the product of weights at each layer
diverges faster than logarithmically, but each individual
layer diverges slower than in the I-layer case.

In summary, there is an implicit regularization in deep net-
works trained on exponential-type loss functions, originating
in the gradient descent technique used for optimization. The
solutions are in fact the same that are obtained by regular-
ized optimization. Convergence to a specific solution instead
of another, depends on the trajectory of gradient flow and
corresponds to one of multiple minima of the loss (linear net-
works will have a unique minimum), each one being a margin
maximizer. In general each solution will show a different test
performance. Characterizing the conditions that lead to the
best among the margin maximizers is an open problem.

8 | www.pnas.org/cgi/doi/10.1073/pnas. XXXXXXXXXX

4. Discussion

A main difference between shallow and deep networks is in
terms of approximation power or, in equivalent words, of
the ability to learn good representations from data based on
the compositional structure of certain tasks. Unlike shallow
networks, deep local networks — in particular convolutional
networks — can avoid the curse of dimensionality in approxi-
mating the class of hierarchically local compositional functions.
This means that for such class of functions deep local networks
represent an appropriate hypothesis class that allows good
approximation with a minimum number of parameters. It
is not clear, of course, why many problems encountered in
practice should match the class of compositional functions.
Though we and others have argued that the explanation may
be in either the physics or the neuroscience of the brain, these
arguments are not rigorous. Our conjecture at present is that
compositionality is imposed by the wiring of our cortex and,
critically, is reflected in language. Thus compositionality of
some of the most common visual tasks may simply reflect the
way our brain works.

Optimization turns out to be surprisingly easy to perform
for overparametrized deep networks because SGD will converge
with high probability to global minima in the weights W, that
are typically more degenerate (for the exponential loss) than
other local critical points.

Gradient descent yields generalization by the normalized
network in terms of the exponential loss (but not in terms of
classification), despite overparametrization and even in the
absence of explicit norm control or regularization, because in
the case of exponential-type losses, the directions of the weights
converges to one of several stable minima for finite times (and
to a minimum norm solution for time going to infinity). This
basic complexity control mechanism — regularization — however,
does not fully explain the behavior of overparametrized deep
networks, which fit the training data and perform well on
out-of-sample points. Remember that the classical analysis of
Empirical Risk Minimization (ERM) algorithms studies their
asymptotic behavior for the number of data n going to infinity.
In this limiting regime, n > D where D is the fixed number
of weights; consistency (informally the expected error of the
empirical minimizer converges to the best in the class) and
generalization (the empirical error of the minimizer converges
to the expected error of the minimizer) are equivalent. The
capacity control described in this note implies that there is
asymptotic generalization and consistency in deep networks
but, in addition, for certain regimes with n < D there can
be good expected error in the absence of generalization, in
analogy with regression cases of some kernel methods (35, 43—
45) (see also (36)). This suggests that under certain conditions,
the pseudoinverse may perform well in terms of expected error
while the generalization gap (difference between expected and
empirical loss) is large. Our analysis of the dynamics of deep
networks, once adapted to the square loss, suggests that under
gradient descent, the weights W), of each layer should converge
to minimum norm minimizers, in analogy with the linear
case, because of the iterative regularization properties(37) of
gradient descent.

Of course many other problems also remain open on the
way to develop a full theory and, especially, in translating it
to new architectures. More detailed results are needed in ap-
proximation theory, especially for densely connected networks.
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Our analysis for optimization under the exponential loss is
missing a classification of local minima and their dependence
on overparametrization. A full theory would also require an
analysis of the trade-off between approximation and estimation
error, relaxing the separability assumption.
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